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A scattering basis motivated by
asymptotic symmetries?

*** Plane wave = Highest weight scattering

[arXiv:1701.00049, arXiv:1705.01027, ... S.Pasterski, S.H. Shao, A. Strominger]

*** raison d’étre: Preferred w.r.t. Superrotations

[arXiv:1404.4091, arXiv:1406.3312, arXiv:1502.06120 ...]




Motivation from Asymptotic Symmetries

*** Recent studies of low energy limits of scattering in gauge theories led to
understanding connections between soft theorems, asymptotic symmetries,
& memory effects

** To the extent that once one vertex was

known/hypothesized to be present, the
others could be ‘filled in” thereby Soft Theorems

reaffirming the conjecture.
/ ]””Pue

Memories «————> Symmetries
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Motivation from Asymptotic Symmetries

*** Recast soft theorem as Ward identity for ‘large gauge transformations’ that
act non-trivially on boundary data.

lout|a_(q)S|in) = (s<0>— + s<1>—) lout|S|in) + O(w)
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Motivation from Asymptotic Symmetries

*** Recast soft theorem as Ward identity for ‘large gauge transformations’ that
act non-trivially on boundary data.

1q-x —twu—iwr(1—¢§-z)

,/ € = €
/  as Fourier modeJ/' Gpos © Gmom & g_r)r%) o [ du

ff field operator

lout|a_(q)S|in) = (s<0>— + s<1>—) lout|S|in) + O(w)

e )2 — Y A
g0~ _ Z (Pr-€7) G- _ _izpkue "aq Teaw

A Pk - q k Pk - q
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Motivation from Asymptotic Symmetries

et — e—zwu—zwr(l—q-x)

éipos A q\mom & (Ll_r)% (:)fdu

*** Key point of the correspondence
soft theorem & Ward identity

is relating momentum space (soft
limit) to position space (boundary
@ Null Infinity) where ASG is
defined

5/9/17
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Motivation from Asymptotic Symmetries

N massive particles exit here

massless particles exit here 10T —rwu—iwr(l—a-x
LT o (1—-4-2)
+
d Qpos < Qmom & (Ll_r)% (:)fdu
- i®  the pointatoo *** Key point of the correspondence

soft theorem & Ward identity
massless particles enter here IS relating momentum Space (SOft

N

constant time ince's.\
S? at each point '

. J- limit) to position space (boundary
@ Null Infinity) where ASG is
o defined

L massive particles enter here
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Motivation from Asymptotic Symmetries

¢ Interested in set of diffeomorphisms that
preserve class of asymptotically flat metrics,
characterized by radial fall-off near null infinity

O

o BMS 1960’s
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Motivation from Asymptotic Symmetries

*Radial Expansion:

ds?> = —du? — 2dudr + 2r2v,:dzdz + 2%du2
+(7‘szsz + D*C., . dudz + %(%NZ — %&Z(CZZCZZ))dudz + c.c.) + ...

*ASG that preserves this expansion:
+ _ ﬁ +z . ﬁ z +z9 l +z E +2z
=1+ )Y 70, = D" DY 770; — S(u+r)DY 70, + S DY O, + e
O 4 [T0u— (D0, 4 DUfY0.) + DD.f*D,

Coordinate Conventions:

2 = ¢'? tang > — 2

2
ff=1"(z2 08:Y7 =0
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Motivation from Asymptotic Symmetries

*Radial Expansion:

ds?> = —du? — 2dudr + 2r2v,:dzdz + 2%du2

+(7‘szsz + D*C,.dudz + %(%NZ — %&Z(CZZCZZ))dudz + c.c.) + ...
Radiative Data /
[ ]

ASG that preserves this expansion:

_ 1
et =(1+ ;—T)Y“az - %Dzz)zwzaZ — 5w+ r)D.Y 0, + gpzwzau +ee

1 _
+ fto, — ;(DZfJfaz + D*fT9;)+ D*D_f*0,

Superrotations
Coordinate Conventions:
, 0 2
z = e'? tan — s =
o = (1+ 22)2

ff=f"(z,2) 0:YT*=0
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Motivation from Asymptotic Symmetries

*** From the soft theorem & Ward identity perspective the superrotation
action corresponds to the subleading soft graviton theorem

¢ Let us take a closer look at the superrotation vector field near null infinity:

€+’j+ — Y—i_zaz + gDzY—I_Zau + c.c.

* Notice we have two copies of the Witt algebra since Y is any 2D CKV
* Also, ud, prefers Rindler energy eigenstates
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Motivation from Asymptotic Symmetries

*** From the soft theorem & Ward identity perspective the superrotation
action corresponds to the subleading soft graviton theorem

*** Rather than using the subleading soft factor to establish a 4D Ward identity for
this asymptotic symmetry [arXiv:1406.3312] one can massage it to look like a
2D stress tensor insertion [arXiv:1609.00282]

2y—L_ D2 po (1)— P M T
Tzz — &1 Gfd D D fduu('? C@w S :—ZZ
Pk - 4
(T..01 - i [ FiZZk I+ 1 0. — |3kz|sz)] (00, Weight Conventions:
1 (z — 2x)? z—zk Z— 2k h—1(8+1+2ER) 71:%(—8+1+iER)

A=h+h s=h—h
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Motivation: Recap

*** We’ve highlighted certain aspects of the soft theorem <& Ward identity
program relevant to what we will do next:

* How to connect between soft limits and position space ASG’s

* The superrotation asymptotic killing vector fields

* The subleading soft theorem as a 2D stress tensor
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Motivation: Recap

*** We’ve highlighted certain aspects of the soft theorem <& Ward identity
program relevant to what we will do next:

_ — * How to connect between soft limits and position space ASG’s
/

, Enhancement from Lorentz to Virasoro

\ %The superrotation asymptotic killing vector fields —— — _ A
\
~»

— —

The subleading soft theorem as a 2D stress tensor — —— N
Preferred highest-weight basis
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Constructing Highest-Weight Solutions

% Start in arbitrary dimensions RV%*1 [arXiv:1705.01027] then consider
examples where d=2 [arXiv:1701.00049 + ...]

** Would like to see if possible (and if so, how) to go back and forth between S-
matrix elements in standard plane wave versus highest-weight bases

d
AEE-I_"RZO
miv o > X Q

eiip-X PR d)A_F(XM’W) e R4

m=0 <€ > X Q

A€E—=+IR
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Constructing Highest-Weight Solutions

Principal Continuous Series

anonfca/ reference of SO(1,d+1)
direction when m=0
m # 0 ° > X

+ip-X PEN gbA—I_(X“;V_V)) w € R4




Constructing Highest-Weight Solutions




Constructing Highest-Weight Solutions

<»Using that the Lorentz group SO(1,d+1) in RV acts as the conformal group
on R% define the massive scalar conformal primary wavefunction to:

e satisfy the (d+2)-dimensional massive Klein-Gordon equation of mass m:
o 0 ,
— XH-w)=0
(c‘?XV ox, ) ba(X; )

* transform covariantly as a scalar conformal primary operator in d dimensions under
an SO(1,d+1) transformation:

~A/d

ow oA (XH; W)

b (N, X730 (i) = | S
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Constructing Highest-Weight Solutions

Ga(p;q) = : = ( J )A

ow’

ow

(=p-q@)”

Ga(p':q") =

27—
~A/d
Ga(P;q)




Constructing Highest-Weight Solutions

*** The desired properties are met by the convolution:

o (X7 5) = / 4P G (55 D) exp [ +imip - X |

Haiq

**Interpretation as bulk-to-boundary propagation in
momentum space

**Have plane wave = highest-weight, what about
reverse?
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Constructing Highest-Weight Solutions

** |If we define the shadow for a scalar as

% s F(A) d,—1 1 =/
@, = d O
A (W) WgF(A—g)/ w ‘w_wlp(d—A) A7)

**The action on our scalar wavefunctions shows linear dependence between
weights A andd — A

Q%(X;?E) = ¢y (X; W)

e N
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Constructing Highest-Weight Solutions

** The orthogonality conditions / dv p(v) /dde%W(ﬁl;w)G%_w(ﬁz;w) = 6TV (py, po)

— o0

A o o I'(¢+ )¢ —iv)
/Hd+1 (4P G ¢ 430, (B3 1) G g 135 (D3 W2) = ) = G T )T (i)
L(iv)['(—iv) _ L d I'(iv) _ 1
d+1 (d) _ o+l ~\"") —
27 F(g n iu)l—‘(% i) (v + )0\ (W —wa) + 27 F(g i) (v —r) 7 — w»2|2(g+iu) farXiv:1404.5625]

*** Imply we can go in the opposite direction highest-weight = plane wave

o

Xy [ vty [ 45 Gy (i) 0F,, (XD
0 2

d .
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Constructing Highest-Weight Solutions

*** And we see that the Klein-Gordon inner product

(Pq, Py) = —i/dd“Xi [ D1(X) Ox0P5(X) — Oxo®1(X) P5(X)]
evaluated between solutions in our basis is of a distributional nature

(6%, (X @), 0%, (X" w2)

od+3,2d+2
_ 4 _ I (ivq)[(— _ ) (1 — vs) 5(d) (W, — W)
m I‘( +iv1)I(5 — 1)
20435542 T 1
+ d d<W1.) o(v1 + 12) d .
m F(§ —+ ZVl) |u71 — fu_j2|2(§+w1)d o > X
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Massless Highest-Weight Solutions

*** We have been using properties of the bulk-to-boundary propagator on the
momentum space hyperboloid (conformal covariance, orthogonality,
completeness) to convert between plane waves and highest weight solutions.

¢ By forming the combination w = % we can further use the boundary behavior
of G to explore the massless analog:

> iF(A‘%) d—Ag(d) (> = y=
Galy, Z50) — T Y 0 (z_w)+|5_w|2A+

0%, (@) — (

. a .
—5—iv g2 (v > d i1 +iwa(idD)-
) ( ) / dew w2t 1€:tzwq(w)X
0

d_ o0
m —§+ZV . 1 d_ ., . 2\ .
5) ddZ — / dwwz W 1e:l:zwq(z)X
0

5/9/17 SGP@RUTGERS 25




Massless Highest-Weight Solutions

*** The first term satisfies the desired properties of a massless highest weight
solution on its own.

** It can be identified as a Mellin transform of the energy, in which the reference
direction is the same as the momentum.

(F0)2T(A)
(—q(W) - X Fie)2

oo
A (XM ) = / dw w1 T X mew
0

d .
| 4 (F) 2 TVT(L + i
2 (—q- X Fie)2tW
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Massless Highest-Weight Solutions

*¢* Photon

o 0 o 0 Ad owb |ou | A/ As
po O ) AR (X7 ) = ALE (NP, XV () = AT ASE(XP; i
<8X0' 8XU v OXv 8XM)AMCL (X ,’(U) 0 ua ( v ; W (’LU)) aw/a au—]» m ob ( ,w)
¢ Graviton
A+ I WA =
8 (9 ho a 8 ha a (9 ha apa h —0 hufﬂz;alaz_huzm;alaz’
oXVIT piaiaz + oYup't viaraz — YRYVIY ojaraz prURVia Az hFALI’l:i:2‘a102 :hﬁfl:i:2‘a2al’ 5a1a2hﬁl’ﬁﬂt:2‘a1a2 =0
dw dubz o | AP/
A,:l: v, =21/ > . A,:l: L=
h,ulﬂz;alcm (ApVX W (w)) o Ow'* Hw'®? | O A/Zl A,u022h0102;b1b2 (Xp’w)
<€ > X
d .
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Massless Highest-Weight Solutions

¢ The shadow is linearly independent.

** Demanding conformal profile fixes residual gauge transformations but within
gauge equivalence class can return to Mellin representative.

aa,Q,u 4 aa,q - X
(—q- X Fio)d ' (—q- X Fic)atiln

A,xt ca7) —
A,ua (X'uaw) o

— const.

0 0uq - X
oXH <(—q-X$i6)A> AN
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Amplitude Transforms

** It is useful to point out that the above transforms can be applied directly to
the S-matrix elements. AL/

mn _)/
Massive scalar A | |

AZ, W; ) H [dpr] G, (Pr; We) A(Emp;)
Hat1

m=20 AV(AZ, 217@) = H / dwkka—l A(:I:wkqg)
- Jo
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Amplitude Transforms

*** Note that transforming momentum space i+
amplitudes directly, is an alternative to previous
approaches [hep-th/0303006,arXiv:1609.00732]

towards flat space holography, which have looked
at a foliation of Minkowski space to reproduce
AdS/CFT, dS/CFT on each slice.
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Amplitude Transforms

** From [arXiv:1705.01027], summarized here, we know that we can
equivalently consider plane wave or highest-weight scattering states on the
principal continuous series.

> So the basis motivated by the subleading soft-theorem is okay but
is it useful?

*** Look at d=2 examples:

» Massive scalar 3pt near-extremal decay [arXiv:1701.00049]
» MHV Mellin amplitudes
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Massive Scalar 3pt

% For d=2, we use the projective coordinate w, for the celestial sphere CS? at the
boundary of the lightcone from the origin. w undergoes mobius transformations when
the spacetime undergoes Lorentz transformations

X' 4iX? aw + b

— w —

X0 4+ X3 cw + d

w

*** The highest weight states now look like quasi-
primaries under SL(2,C)

aw-+b aw+0b
cw+d ew+d

N | OA m (A“’VX”; ) = |cw + d|2A¢A,m (XH;w,w)
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Massive Scalar 3pt

+* Lorentz covariance is built into the definition of the basis. If non-zero/finite 4D Lorentz
covariance dictates 2D-correlator form.

+* The behavior of low-point “correlation functions” is strongly dictated by momentum
conservation in the bulk. Special scattering configurations can be used to get Witten diagram-

I\ 3 v

20+em —>m+m

€
T (AT (BT (Bg) [0 — w3 B85y — | 3o+ 8081 [upy — g [Po 5153

[arXiv:1701.00049]

23 - . — ! 2 1702 —A 2
(23 7O XD (ALEO2EA02) P ( ArkBazda [ (Ai=Beta)(=AiEAnte) /o

+ O(e)
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MHV Mellin

** Momentum conservation strongly dictates the form of low point Mellin amplitudes.
If we think of correlation functions of Mellin operators, we see the contact nature of
the two point function already from the scalar Mellin modes:

ax(q) = /O dw w'a(w, q) (Olax (§")a}(@)|0) = (2m)*6(A = N)5P (w1 — ws)

** For MHV amplitudes (and any theory with scale invariance) one finds that the Mellin
transformed amplitudes have a conservation-of-weight

. O - PN e
Any o, (Wi, w;) = kl:[l/O dwpw;™* A(wkqy) An—k[[l/() Aok | (12)(23). -(n1) (;pk)
I }

(i5) = 2\/@iw; (w; — w;) A x / dss' =M =2m6()  Ap)
0
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MHV Mellin

** Once you tell me the directions of scattering, the frequencies in the mellin integral
get fixed, ie the momentum conserving delta functions localize the frequency integrals
(and then some). Fora 2 — 2 process with helicities (— — + +)

A —(—1 1—|—i>\2—|—’i>\31 /’75 1/35 I
R it P BTN ) A
4

X §(A + Az 4+ Ag + Ag) [ o0/ 2y

1<J

1 - 1
T = — _:]_ -
h 2)\ h +2)\

h+=1+%/\ Bt =2
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MHV Mellin

** On-shell + momentum conserving kinematics restrict 2 — 2 reference
directions to lie on a circle within the celestial sphere

** MHV 3pt has no support in (1,3) signature but can analytically continue to
(2,2) signature with independent real coordinates

- ~ . 213 d(Z19
Asz(Ai; 2, Z3) :7T<—1)Z/\15gn (223)sgn(z13) Z)‘ “1—irs 1) z(>\1 2 ira
P 212 223 ~13

"/
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MHV Mellin

** One can then use a slightly modified BCFW, combined with Mellin and inverse
Mellin transforms to check consistency of the 4 pt result.

224 2411 213 2414
A——++()‘17Z27Z2) = |1 — 2| ( ) (—)

214 214

> dU d\
></ 7/ P/dedeA___|_(>\1,)\Q,AP,ZJ,ZJ)A++ ()\3,)\4, )\p,z],zj)

N
7N
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MHV Mellin

+* Still much more singular than one might hope to have if the superrotation-
inspired putative CFT, dual could actually be manifested... Options?

1 —
(z — w)2+r (Z — w)iA ¢_ial

2, %)

» Shadow O (w,w) = ¢} (w, @) + C’+,>\/d2z

1
O3 (w) = 631,10 + Oy [ oz (29

*** Have Mellin & Mellin + Shadow as equally good bases for scattering
» Give ‘standard’ non-contact 2pt terms, 4pt also promising
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MHV Mellin

¢ More curiously, issue of what linear combination of bases to use connects
back to soft theorems initiating this investigation

a_=a_(wi) — L /dzw_ : —Opa (wy)

27 zZ— W

** The mode combination that decouples in the soft limit (ie zero soft factor) is

precisely a linear combination of Mellin and Mellin+shadow in the limit where
ImA=0.

*** Also single helicity basis becomes more natural.
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A scattering basis motivated by
asymptotic symmetries?

/».:. Asymptotic symmetry / soft physics investigation motivated by desire to
/ constrain S-matrix via promoting more symmetries as ‘physical’

,I ** Led to a superrotation iteration that hinted at Lorentz = Virasoro + putative
| stress tensor via subleading soft factor
I
I
\

** Find that the states preferred by this action indeed form a basis for single
particle scatterers.

\\ *** Secret hope for OPE «<— Amplitude recursion relation statement?

N “*Intermediate obstacles to fleshing out the putative dual seem to at least offer
resolutions to some issues that arose in the study of the soft sector alone.
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